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LHG s pricing at their .coms

Query: 18.02.2019

Please select one of these economy fares

Economy Flex

Qur recommendstion ® Earlier flight on day of travel
Economy Classic (where available)
Seat reservation
d Seat reservation
. 1 checked hag
Economy Light 1 checked bag up to 23kg/50lbs
up to 23kg/50lbs
M 1 carry-on bag
‘a1 cary-on bag 'a' 1 carmy-on bag | upto 8kg/8lbs
1 up to Skg/M18lbs " upto Bkg/18lbs
E Snack & bheverages
Snack & beverages Snack & beverages
@ Rebooking possible plus fare difference
Febooking not possible {3 Rebooking: 80 CHF plus fare difference
_______________________________ | a Fefundable except 80 CHF plus fare
Refun E' notpossiblg ------""7""" Fefund not possible T TS dferenee - - - _ _ _
400.00 CHF 465.00 CHF
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LHG s pricing at their .coms

Query: 18.01.2019

Please select one of these economy fares

Economy Flex

Qur recommendation @ Earlier flight on day of travel
Economy Classic {where available)
Seat reservation
d Seat reservation
. 1 checked bag
Economy Light 1 checked bag up to 23kg/501bs

ﬂ up to 23ka/50lbs
1 carry-on bag
‘&' 1 carry-on bag ‘a1 carmy-on bag up to Bkg/18lbs
E Snack & beverages
Snack & bheverages Snack & bheverages
Q

& Rebooking possible plus fare difference

. up to kof18lbs up to Bkof18lbs

Febooking not possible Febooking: 80 CHF plus fare difference

______________________________ a Refundable except 80 CHF plus fare
Refund not possible. - -----~-""7"""7 Refund not possible - - - - erenee

-
-
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Why do the prices change?

Query: 18.12.2018

Please select one of these economy fares

Economy Flex

Qur recommendation ® Earlier flight on day of travel
Economy Classic (where available)
Seat reservation
d Seat reservation
. 1 checked hag
Economy Light 1 checked bag up to 23kg/50lbs
up to 23ka/50lps
M 1 carry-on bag
a1 carry-on bag 'a' 1 carry-on bag | upto Skg/8lbs
up to Skg/18lbs | upto Skor8lbs
E Snack & beverages
Snack & bheverages Snack & heverages
& Rebooking possible plus fare difference
Rebooking not possible {3 Rebooking: 80 CHF plus fare difference
____________________________ Fefundable except 80 CHF plus fare
Refun g notpossiblg - -----="""""7] Fefund not possible +--9 ifferenee- - - - __ _ __
325.00 CHF 390.00 CHF
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Why do the prices change?
The motivation of the airline revenue management problem.

0 :
FRA Legend:
LHG Airport
Network
1
MUC Offered routing
ZRH
- 1 Remaining capacity
for routing
E‘.
Passenger
request FRA ZRH € = net,

FRA-ZRH

German Data Science Days 2019
February 19th, 2019
Page 4



Each passenger consumes capacity for every routing that is used
to build the requested journey.

FRA Legend:
LHG Airport
> Network
|
MUC Offered routing
ZRH
1 1 Remaining capacity
for routing

Passenger

request  Fpa ZRH MUC € = nety > nety

FRA-MUC
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To optimize revenue in situations where the capacity is scarce,
the airline decides which passenger to accept/reject.

FRA 0 Legend:
% LHG Airport
Conflict! % = Network
ot
:\Zﬁalblseezzt Moe Offered routing
demand of 2 “» 7RH
1 Q 1 Remaining capacity

for routing

Goal: only accept that request which maximizes the revenue contribution to the network:
Introduction of opportunity costs (bid-price) for each segment (FRA-ZRH, ZRH-MUC, FRA-MUC).

=

ﬁ net, < bid-price

FRAZRH Rejected

Q net, > bid-price qgpspy + bid-price .. .- Accepted Q
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Besides the evaluation of opportunity costs, the willingness
to pay has to be evaluated to define the (revenue) optimal price.

FRA Legend:
LHG Airport
Network
|
MUC Offered routing
ZRH
1 Q 1 Remaining capacity

for routing

* Suppose the airline offers two products (classes) with net |,s5, < net Jags, -
« Let the willingness to pay of Q be equal to net .j4sq, -
« The airline accepts if net, > bid-price gpry + bid-price . ... .

« Accepting ’ within class 1 results in (price-elasticity) costs of net ¢Jags, — net ¢lags, -
German Data Science Days 2019
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For each request, the optimal price is set to be as close as possible
to the customer s willingness to pay.

A Legend:
Network Airport
.
C Offered routing
B
1 Q 1 Remaining capacity

at routing

To minimise price-elasticity cost, i.e., minimize the risk of Q buying down into class 1, the
price-sensitivity of demand needs to be evaluated (the topic of this presentation).
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Focus topic: what are price-elasticity costs and how does LHG
make use of them. A small experiment

Suppose we offer the same product, such as a seat on a plane, under the same
conditions, repeatedly for a different price to N = 12 people.

149.
369.5 545 | | 1495) (3005
o X
219.5 { 2695
04 5 S 179.5
L— X
74.5
Bookings=6x1=6 Non-Bookings =6x0=0
accepted as rejected as

willingness to pay >= price willingness to pay < price
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Using the collected data we are able to device (optimal) pricing
strategies (for simplicity assume price =revenue, i.e., N0 cOSt)

k
k PRICE, > bookings; bookings,
i=1

11 545 12 1
10 74.5 11 2
9 045 9 1
8 149.5 8 1
7 179.5 7 1
6 199.5 6 1
5 219.5 5 1
4 244 .5 4 1
3 269.5 3 1
2 309.5 2 1
1 369.5 1 1
Option | k PRICE, vy, | revenue
1| 12 545 12 654.0
2 8 149.5 8 | 1196.0
3 7 179.5 7| 1256.5
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Option 1 (maximize bookings): 54.5
Every passenger buys (down) for 54.5.

Option 2 (between): 149.5.
Every passenger willing to pay more then 149.5
buys down. Demand below 149.5 is lost.

Option 3 (maximizing revenue): 179.5

This approach is not feasible in
practice as N as and the number of
non-bookings for each price is
generally unknown.



In practice, LHG observes bookings (=1) and collects non-bookings
(=0) for days (single snapshot each day) when nothing is sold

[ 244.5 1495
. -
369.5 545 | | 309.5
g X
219.5 I 260
——
74.5 }
0
0
1 1 0
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From experiment to practice: suppose one repetition of the
experiment is the observed booking process for a flighti =1,...,M.

A booking (=1) with arrival ;1 days
before departure
Non-bookings (=0) are recognised for
flight i at days t if no booking was P
observed. -

open lose
t=1t"" b — t?(.li.'.‘l‘a(

(first day of sale of flight i) (last day of sale of flight i)

Let N;(t) denote the cumulated number of bookings for flight i at time t with N, (¢,”P“") = 0.

T
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This booking process is observed several times with different
information on the booking- and flight-level

On each flight i € Igin: , we observe the number of cumulated bookings
at a time to departure t = £ as N;(t) € Ny
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LHGs statistical model assumes that each increment, i.e., the
number of bookings during day t, is Poisson distributed.

For flight 7 € Igigh: We look at the
incremental booking process
N;i(t) — N;(t—1)
at time t before departure

(last day of sale of flight i)

: The rate \(x;,,t) gives the average
_, open A number of bookings.

(first day of sale of flight i) V .
yie = Ni (t) — Ni (t — 1) ~ Pnissnn( ,\(x,-‘f, f.) )
Teed Ve €{0,1,2,. . Y as Ni(t) > Ny(t —1) i

No. of bookings
for flight i
attime t. The rate is influenced by time-depending covariates,

such as price, subsumed in xi(t) € R? |
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An example of how the booking-process looks like (real data) for
one particular flight (flight number, departure date, routing)

Booking-process vs. Price

300~

Time to departure (t)
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Booking/
Non-
Booking
0
e 1

Num. Of
Bookings

© 0
*3
®c
@9
@ 2

Cumulated Bookings N;(t)

40 -

Booking-process vs. Time to departure

No. of bookings (increment)
arriving at t = 50 for flight .

Yis0

I I 1 1
25 50 5 100

Time to departure (t)

Fo—
4



The Poisson intensity A(f) accounts for changes in booking
Intensity and depends on price and additional covariates.

« Covariates for flight i at time t with price = PRICE; ; are given by a covariate
vector Xit = ('Tli_.l‘: R N CRAT PR'ICEi,hzl,i,h “any z.‘{l:i,hf‘)-

* Index-sets I, ={1,...,K,} and I,={1,...,K,} give the positions of
categorical (xx::, k€I, ) and continuous (z:.., k € I,) covariates.

» For covariates that belong to I, , the k-th categorical covariate takes values
from the set J,={1,...,G\}.
This leads to the model:

)\(X:‘,r: f-) = A (-Tl R TEEREE L CRRT PR-ICEiJ-p D1y e SK it f-)
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Quantifying the price effect on the booking intensity
given the factors (zx...k€ L) and (zr. k€ l) .

)\(X:',r: f-) =A (-Tl ERTERERE S e RT PR-ICE?:,“ SRR TR :3K1::‘,nt)

To specify how the covariates influence the booking intensity, a model that
captures all interaction effects of the continuous covariates is set:

log (J\[xi,;,f)) = Bo+ Z l{wk,z‘::ﬂ'}-ﬁkd

FCEI]_

—I_ fp (PRICE?.,f) + fp,:‘ (PRICE?f, t) + Z fp,k (PRIGEL#: 3k~,1r:,r)

kEfz

+ fi (t) + Z Ji (2Zrie) + Z Jew (, 2,ie) + Z Frey oo (Zhyists Zhg it )

kelq kelq ky<hg
kqy.koelq
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The booking intensity is modelled in a full factorial design, i.e., all
main effects f(.), as well as all interaction effects f(.,.), are captured.

Classification of the model components:
 Describing the volume of demand fi(.), fren(-), firero () f ri<ks (52)

kl .k-zi—:f-z

* Influenced the slope of PRICE representing price-sensitivity
fp() fm(_? Do forery(o-) (for these functions we impose monotonicity within PRICE)

Example:

- f,(PRICE;;) determines the general level of price-sensitivity,
e fe () describes the general booking intensity along t,
*  f..(PRICE,,,t) changes the price-sensitivity within t.

German Data Science Days 2019
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Optimal (continuous) pricing: to optimize the price, the marginal
revenue over opportunity cost 7 is maximized.

max < Alx; ;. 1) x NET — Alx; 4, 1) xm
smax (@) (@i t) x 7

8(/\{1121,;11‘-) x NET — A(@;,, 1) x W) 1

= OPRICE =

where
 the total revenue gain is defined by A(z; ;,t) x NET

« the total opportunity costs of capacity are A(®;:,t) x 7
(is zero if capacity is not a constraint/scarce)

To calculate the derivative of A(&; ¢, t) with respect to PRICE, we use the fact that the
derivative of a B-Spline is a linear combination of lower order B-Splines.
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Mapping from optimal NET- to optimal PRICE-values.

max < Alx; ;. 1) x NET — Alx; 4, 1) xm
smax (@) (@i t) x 7

O (M@ t) x NET = Aw, 1) x 1)
OPRICE -

—

Solving the maximization problem gives the optimal NET-value, which is
mapped to the optimal PRICE-value by:

PRICE — NET = o 4+ o; x PRICE

< DIFF = Qg+ g X PRICE

The difference between NET and PRICE is described by a fix-amount oy and a
variable factor «; (VAT) describing how DIFF depends upon PRICE (for non-
domestic flights there is no VAT).
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The optimal closed form solution results as the sum of marginal
revenue and marginal costs.

max < Alx; ;. 1) x NET — Alx; 4, 1) xm
smax (@) (@i t) x 7

O (M@ t) x NET = Aw, 1) x 1)
OPRICE -

—

If A, t) is taken to be linear in PRICE the maximization-problem has the
closed-form solution:

= ! TR
optimal i+ 1+ Ekgz ok Ll—ar  l—ag

-
marginal costs

PRICE

marginal revenue

where f,, f,, and f, .,k € I, correspond to the first derivative with respect to
PRICE.
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Results: conditional demand estimates.

where:

* YDAY gives the day of the year, taking values from 1,....,365,

+ DTIME is the departure time (local) of a flight,

« BDAY is the booking day of the week, taking values Monday,...,Sunday,
* tindicates the number of days before departure.

Conditional estimates of smooth effects for:

(a) t = 0 & YDAY = 7 (b) PRICE = 59,5 & YDAY = 7
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Results: conditional demand estimates.

(c}) DTIME = 9:50 am & YDAY =7 (d) PRICE = 59.5 & DTIME = 9:50 am

Parameter estimates for route 1 and
departure day = Tuesday

100 300
Parameter Estimate Std. Error
Intercept -2.0880 0.1867
BDAY = Monday L7700 0.0333
BDAY = Tuesday 16740 0.0334
BDAY = Wednesday 1.8282 0.0335
BDAY = Thursday  1.7695 0.0340
BDAY = Friday 1.8981 0.0331
BDAY = Saturday  -0.1878 0.0460
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Results: conditional demand estimates.

(e) t = 0 & DTIME = 9:50 am (f) PRICE = 595 & t = 0
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Results: estimated price derivatives.

Estimated derivative f;,ll,

Route 1 Route 2
0.000 4
-0.002 -
= ~0.002 -
5w model
u S -0.0041 - - 25AGAM
E ~ — AGAM
= -0.004 -
P
-0.006 -
-0.006 -
departure time

(AGAM corresponds to the reference model whereas 2SAGAM to the reference model where the
potential endogeneity of the price variable has been accounted for.)
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Results: prediction of optimal price values.

Optimal price values.

Route 1 Route 2

800

600 - 1000 -
8
s model
= - - 2SAGAM
-% — AGAM
2400+

500 -
200 -
8 12 16 20 10 15 20

departure time
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The price elasticity model in action (user screen)

ik, W, " uiRtice W, W,

—~ Repor
S tinat
=2 ZRH MUC
i)
z 2
z Airfine VO-ind §
e LH Outbound Apply T
3 =
X-Axis DbD Dept Time Date
O DbD O DeptTime @ Date | 3p “0 N |Tp | o00:00 ! BNEEEN
100
%0
80
70
50
50
40

Elasticity model
*  controls prices (estimation
= of willingness to pay) for all of

»  LHGs continental point-to-point routes.

German Data Science Days 2019
February 19th, 2019
Page 27

Dow Cluster
Monday MinStay
03.12.2018 03.03.2019

ZRH-MUC, Outbound, DoW Monday
Price Elasticity for DbD 30, Dept Time 00:00 depending on Date

[

100% '

29.07.
300 17.09.

06.11.

26.12

20.04.
09.06.

YEARDAY

Report Settings

10.01



The price elasticity model in action (user screen)

Repor
Origin Destination Dow
% ZRH MUC Monday
& 2
r  Airdine VO-ind 2 Estimation Date
=3 (=]
& Aol =
E Outbound ppy E 0312208
& =
X-Pods DbD Dept Time Date
® DbD O DeptTime O Date 13:35 4 P | 300,08 4
100%

150

Demand intensity increases
going towards the day of departure
(DBD = 0). Change in slope is less
obvious looking at 3D graphics.
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>

ZRH-MUC, Outbound, DoW Monday
, Date 30.08. depending on DbD

Price Elasticity for Dept Time 13:35

350

300

Cluster
MinStay
Next Estimation Date

03.03.2019

Report Settings



The price elasticity model in action (user screen)

77 @) LN VerProdaats 11 Welcome, Meyer, Jan Felix -~

— ReportQuery + Compare System Time
Origin Destination Dow Cluster Report Type
) ZRH Mi Monday Minstay AF
2 &
x - =
= Airline VO-ind 2 Estimation Date Next Estimation Date £ Display Type
& &
H ™ bound ¥ Appk = 20 03.03 £ Gi hd
g i g o
il &
X-Aods Dept Date Dept Time DbD
® DbD O DeptTime O Date 130219 1335 @ 0w Lishow BCVs
g o BDAFs by DbD
[ Y
= BDAF Q
——— BDAF
— BDAF W
—— BDAF S
~— BDAF
= BDAF L

—— BDAF K

154 158 182 196 210 224 238 252 266 280 294 308 322 336 350 364

Much of LHGs distribution is still done via channels depending on booking-classes.
Dynamic pricing is achieved by the adjustments of net-values to reduce its value
below zero to make the class “unavailable for booking”.
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THANK YOU
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The unknown functions are approximated by the weighted sum of
local P-spline basis functions (P-splines)

Univariate functions (example):
fx(.) is approximated by xi(.)vx where the n x m matrix
Xk () = (%51 (), Xn2(.), - -, Xx.m(.)) is represented by B-spline basis functions xx;(.).

Bivariate functions (example):

fpa(.,.) is replaced by x,.(.,.)y,: where x,.(.,.) =x,(.)0x(.) is the box-
product (row-wise kronecker-product) of its marginals.

Model parameters are therefore 8 =(3,~)" where

e B=(80B.....B8,1)" concerns the parametric covariates and

T .
e = (Tp’?tj'}’lv**:'nga"}’p.h’?p,lﬁﬂ*gﬁfp,fgﬁ'}(tlr--*!TLIZ’TL?!*”571’2—1‘12) IS the
coefficient vector for the unknown functions which weight the corresponding
B-spline basis functions.
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The model parameters are derived by
penalized maximum likelihood estimation.

We maximize the penalized log-likelihood:
J;?;av (ﬂv ,0} = E(BJ + PPTIDP"}’F + .r‘Jp:t"]"'E,_pan'Tt,p

+ Z Pi*.kT;kﬂi*.k"Ti*.k + i Diye + z PeYi Divi

kela kela
"D I D
+ Ptk i LYtk T Pry k2 Viy kg Lk k2 Vi ka
.iu‘.F.irg k1<kg
ky. kg €lg

CPEn
28
1

where the model log-likelihood equals to: () =2 > wielog (A t50)) = A(xi . 1:6)

i=1 t=1¢ lose
&

Smoothing matrices D result from taking differences of neighboring weighting
coefficients 7 (Eilers and Marx,1996).

The optimal penalty parameters

T
ﬂ: (.r("prpp.f!pp,l: * . ‘*.J"-}pmfgﬁptvpl!” . ?.r("fg*..r("z‘.,l: * s ~1Pt,I3+P1.2++~-1~PI2—1.1’2)

are selected by minimizing: BIC(p) = —2£(8) +log(n)df(p)
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